
SUPERCONDUCTIVITY, BCS-THEORY

Shablenko Volodymyr

Volodymyr Shablenko       University of South Carolina 1



Table of content

•Resistance
•Magnetic Field
•Electron Fluid
•London Penetration Depth
•Quantum Mechanical Description
•References

Volodymyr Shablenko       University of South Carolina 2



Resistance

Volodymyr Shablenko       University of South Carolina 3



Magnetic Field
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London Penetration Depth
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Two fluid model:
•𝑞𝑞 = 𝑞𝑞𝑠𝑠 + 𝑞𝑞𝑛𝑛
• 𝑗𝑗𝑠𝑠 = − 1

Λ𝑐𝑐
𝐴𝐴 – London equation

•Λ = �𝑚𝑚 𝑞𝑞𝑠𝑠𝑒𝑒2

•∇ � 𝐴𝐴 = 0
•𝜆𝜆𝐿𝐿 = ⁄Λ𝑐𝑐2 4𝜋𝜋 ≈ 10−6𝑐𝑐𝑐𝑐



Quantum Mechanical Description
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• Wavefunction of the superconducting state is unchanged by presence 
of an external magnetic field

• 𝑞𝑞𝑠𝑠(𝑟𝑟)
𝑞𝑞𝑛𝑛

= |𝜓𝜓(𝑟𝑟)|2

• Δ𝐹𝐹 – free energy difference between the superconducting and normal 
states

• Δ𝐹𝐹 = ∫ ℏ2

2 �𝑚𝑚
∇ + �̅�𝑒

𝑐𝑐
𝐴𝐴 𝑟𝑟 𝜓𝜓 𝑟𝑟

2
− 𝑎𝑎 𝑇𝑇 𝜓𝜓 𝑟𝑟 2 + 𝑏𝑏 𝑇𝑇

2
𝜓𝜓 𝑟𝑟 4 𝑑𝑑3𝑟𝑟

• 𝑎𝑎 𝑇𝑇𝑐𝑐 = 0
• Δ𝐹𝐹~10−8𝑒𝑒𝑒𝑒



Quasi-Particle Description
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• Coherence length: perturbation of the superconductor 
at a point influences the superfluid within this length

• 𝜉𝜉 = 𝑎𝑎 ℏ𝑣𝑣𝐹𝐹
𝑘𝑘𝑇𝑇𝑐𝑐

~10−4𝑐𝑐𝑐𝑐

• Quasi-particles with 𝑐𝑐 and 𝑣𝑣𝐹𝐹
•𝜓𝜓0 ground state is represented by a particular 

superposition of normal state configurations Φ𝑛𝑛
•∆𝑝𝑝~ ⁄ℏ 𝜉𝜉~10−4𝑝𝑝𝐹𝐹



The Pairing Concept
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• Ψ0 = ∑𝑛𝑛 𝑎𝑎𝑛𝑛Φ𝑛𝑛

• 𝐸𝐸0 = Ψ0,𝐻𝐻𝜓𝜓0 = ∑𝑛𝑛,𝑛𝑛𝑛 𝑎𝑎𝑛𝑛′
∗ 𝑎𝑎𝑛𝑛(Φ𝑛𝑛′ ,𝐻𝐻Φ𝑛𝑛)

• Pair binding energy:

𝐸𝐸𝐵𝐵 ≅ ℏ𝜔𝜔𝐷𝐷𝐸𝐸𝐸𝐸𝑝𝑝[−
2

𝑁𝑁 0 𝑒𝑒
]

• Reduced Hamiltonian:

𝐻𝐻𝑟𝑟𝑒𝑒𝑟𝑟 = �
𝑘𝑘𝑠𝑠

𝜀𝜀𝑘𝑘𝑛𝑛𝑘𝑘𝑠𝑠 −�
𝑘𝑘𝑘𝑘𝑛

𝑒𝑒𝑘𝑘′𝑘𝑘𝑏𝑏𝑘𝑘𝑛+𝑏𝑏𝑘𝑘

1st term - energy of particles in pair
2nd term – pairing interaction



The Ground State
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Ground state:
• Ψ0 = 𝜋𝜋 𝑢𝑢𝑘𝑘 + 𝑣𝑣𝑘𝑘𝑏𝑏𝑘𝑘 |0 >, where 𝑢𝑢𝑘𝑘 = 1 − 𝑣𝑣𝑘𝑘2

• 𝑣𝑣𝑘𝑘2 = 1
2

[1 − 𝜀𝜀𝑘𝑘−𝜇𝜇
𝐸𝐸𝑘𝑘

]

• 𝐸𝐸𝑘𝑘 = (𝜀𝜀𝑘𝑘 − 𝜇𝜇)2 + Δ𝑘𝑘2

• Δ𝑘𝑘 = −∑𝑒𝑒𝑘𝑘′𝑘𝑘
Δ𝑘𝑘′
2𝐸𝐸𝑘𝑘′

- energy gap equation

• Δ = ℏ𝜔𝜔𝐷𝐷𝐸𝐸𝐸𝐸𝑝𝑝[− 1
𝑁𝑁 0 𝑉𝑉

] and Δ𝐹𝐹 = 1
2
𝑁𝑁(0)Δ2

𝑒𝑒𝑘𝑘′𝑘𝑘 = �𝑒𝑒, 𝜀𝜀𝑘𝑘 − 𝜇𝜇 < ℏ𝜔𝜔𝐷𝐷 𝑎𝑎𝑛𝑛𝑑𝑑 𝜀𝜀𝑘𝑘𝑛 − 𝜇𝜇 < ℏ𝜔𝜔𝐷𝐷
0, 𝑜𝑜𝑜𝑜𝑜𝑒𝑒𝑟𝑟𝑜𝑜𝑜𝑜𝑜𝑜𝑒𝑒
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