
Form Factors and Charge Density
Distributions

• F (~k) =
∫
d3r ρ(~r ) ei

~k~r

• ρ(~r ) = |Ψ(~r )|2 = Ψ∗(~r )Ψ(~r )

• Ψ(~r ) = 1√
2π

3

∫
d3p̃ e−i~̃p~r Ψ̃(~̃p) = FΨ̃(~̃p)

• Ψ(~p) = 1√
2π

3

∫
d3r̃ e+i~p~̃r Ψ̃(~̃r ) = F−1Ψ̃(~̃r )

=⇒ F (~k) =
∫
d3r Ψ∗(~r )Ψ(~r )ei

~k~r

=
∫
d3r Ψ∗(~r ) 1√

2π
3

∫
d3p̃ e−i(~̃p−

~k )~r Ψ̃(~̃p)

with ~p = ~̃p− ~k ⇒ d3p = d3p̃

=⇒ F (~k) =
∫
d3r Ψ∗(~r ) 1√

2π
3

∫
d3p e−i~p~r Ψ̃(~p+ ~k )

=
∫
d3p Ψ̃(~p+ ~k )

[
1√
2π

3

∫
d3r e+i~p~r Ψ(~r )

]∗
=
∫
d3p Ψ̃(~p+ ~k )Ψ̃∗(~p) = F (~k)

=⇒ ρ(~r ) = 1
(2π)3

∫
d3k F (~k) e−i

~k~r

= 1
(2π)3

∫
d3k

∫
d3p Ψ̃(~p+ ~k )Ψ̃∗(~p) e−i

~k~r

= 1
(2π)3

∫
d3k

∫
d3p Ψ̃(~p+ ~k ) e−i(~p+

~k )~r Ψ̃∗(~p) ei~p~r

with ~p+ ~k = ~p ′ ⇒ d3p ′ = d3k

=⇒ ρ(~r ) = 1
(2π)3

∫
d3p ′

∫
d3p Ψ̃(~p ′) e−i~p

′~r Ψ̃∗(~p) ei~p~r

= Ψ∗(~r )Ψ(~r ) = ρ(~r )
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• F (~k) =
∫
d3r ρ(~r ) ei

~k~r

• ρ(~r ) = |Ψ(~r )|2 = Ψ∗(~r )Ψ(~r )

=⇒ F (~k) =
∫
d3r ρ(~r ) ei

~k~r

=
∫
d3r ρ(~r )

(
1 + i~k~r − (~k~r )2

2 + . . .
)

if ρ(~r ) spherically symmetric ⇒ ρ(~r ) = ρ(r)

=⇒ F (k2) =
∫∫∫ (

1 + ikr cos(ϑ)− k2r2

2 cos2(ϑ) + . . .
)
ρ(r)r2drd cos(ϑ)dϕ

=
∫∫∫
ρ(r)d3r − ∫∫∫ k2

2 cos2(ϑ)d cos(ϑ) ρ(r)r4dr dϕ+ . . .

with < r2 >=
∫∫∫

r2ρ(r)d3r∫∫∫
ρ(r)d3r

and
∫∫∫
ρ(r)d3r = 1

=⇒ F (k2) = 1− 1
6k

2 < r2 > + . . .

=⇒ < r2 >= −6
(
dF (k2)
dk2

)
k2=0


